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ABSTRACT: In this study, we developed a mathematical
model for olefin copolymerization using soluble Ziegler–
Natta catalysts in a semibatch reactor to predict the reaction
rate and polymer characteristics (i.e., molecular weight,
polydispersity, and ethylene content) as functions of the
reaction parameters (i.e., time, temperature, pressure, con-
centrations, and so on) accurately. The proposed model
differs from others because it considers the olefin copoly-
merization as a dynamic process and applies double mo-
ments for two reactants (ethylene and propylene) in the
presence of hydrogen. To establish the model validity, the

copolymerization was performed with VOCl3–Al2Et3Cl3
systems with hydrogen as a molecular weight controlling
agent. The dynamic model was able to reproduce the exper-
imental data within experimental accuracy and accurately
demonstrated the fundamental importance of the polymer-
ization variables on the final properties of the polymer ma-
terial in the copolymerization of ethylene and propylene
with Al/V ratios of up to 28 before synthesis. © 2006 Wiley
Periodicals, Inc. J Appl Polym Sci 100: 3101–3110, 2006
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INTRODUCTION

The intrinsic complexity of olefin copolymerization
with Ziegler–Natta catalysts demands reaction models
to control and better understand the polymerization
process. The Ziegler–Natta process is one of the most
studied polymerization systems for modeling,1–17 and
several reviews on olefin polymerization with
Ziegler–Natta catalysts are available in the litera-
ture.18–26

In ethylene–propylene copolymerization, Podolnyi
et al.1 investigated the effect of 2-ethylidene-
cyclo[2.2.1]hept-5-ene with VOCl3–Al2Et3Cl3, apply-
ing a batch system under a constant monomer pres-
sure. They assumed that all reactions occurred instan-
taneously, and they observed a higher reactivity for
ethylene and its terminated chains with 2-ethylidene-
cyclo[2.2.1]hept-5-ene. Pronyaev et al.2 studied ethyl-
ene–propylene copolymerization kinetics, applying a
VOCl3–Al2Et3Cl3 system with an experimental unit
identical to the one used by Podolnyi et al.1 by con-
sidering chain-transfer reactions and the activation or

deactivation of the catalyst by the monomers. They
concluded that the activation and deactivation rates
were very similar. The number of active centers was
around 15–40% of the initial VOCl3 concentration.
Pronyaev et al.2 and Podolnyi et al.1 presented simpli-
fied mathematical models to determine the kinetic
constants. Nevertheless, neither reported the detailed
set of reaction equations used in the model for olefin
copolymerization.

Cozewith3 built a more complex kinetic model of
the copolymerization reaction with a vanadium salt–
alkyaluminum catalyst and verified the influence of
Al/V ratio on molecular weight under different cata-
lytic systems. He concluded that polymeric chain life-
time was not instantaneous, as previously proposed
by Podolnyi et al.,1 but it was on the order of minutes.
Cozewith4 also studied the influence of hydrogen on
the molecular weight with the VOCl3–Al2Et3Cl3 cata-
lytic system for ethylene–propylene copolymerization
in a continuous stirred tank reactor (CSTR) reactor. To
produce monodisperse polymers, he modeled the eth-
ylene–propylene copolymerization with a plug flow
reactor in a later study.5 He observed that the compo-
sitional distribution was not homogeneous because of
the ethylene–propylene ratio variation (composition
drift) in the reactor because ethylene is more reactive
than propylene.

Haag et al.6 proposed a dynamic model based on
the method of single moments with some simplifica-
tions to describe influence of Al/V ratio and diene
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concentration on the reaction yield and polymer char-
acteristics such as molecular weight, polydispersity
index (PDI), and ethylene incorporation.

da Silva Filho et al.7 and Soares8 carried out more
investigations to develop mathematical models to de-
scribe the microstructure of polyolefins produced by
coordination polymerization.

Recently, Latado et al.9 developed empirical models
to predict the end-use properties of poly(ethylene–
propylene) resins as functions of the more fundamen-
tal molecular and morphological properties of the
polymer resins. The final properties analyzed were
two mechanical properties, rigidity and impact
strength, and one thermal property, glass-transition
temperature. Two additional properties of practical
importance were also modeled: the melt index and the
xylene soluble content. The molecular and morpho-
logical properties selected for resin characterization
were molecular weight distribution, polymer compo-
sition, rubbery phase dispersion, spherulite size dis-
tribution, and degree of crystallinity.

In this study, we focused on the mathematical mod-
eling of olefin copolymerization with vanadium cata-
lyzed with a semibatch bubble column reactor to de-
scribe the microstructure of the resulting copolymer

chains. The proposed model differs not only from the
one developed by Podolnyi et al.1 by considering the
olefin copolymerization as a dynamic process but also
from those developed by da Silva Filho et al.,7 Soares,8

Haag et al.,6 and Latado et al.9 by applying double
moments for two reactants, ethylene and propylene, to
accurately describe the influence of hydrogen and
Al/V ratio on the copolymer characteristics (i.e., mo-
lecular weight, dispersity, and ethylene content) as
functions of the reaction parameters.

EXPERIMENTAL

Chemicals

Ethylene and propylene monomers were purchased
from Arak Petrochemical Company (Arak, Iran) (po-
lymerization grade); both had a purity of 99.9% or
greater. Heptane (�99%), VOCl3 (�99.5%), and the
solvated cocatalyst Al2Et3Cl3 (97%) were bought from
Merck Co. (Haar, Germany).

Polymerization system

The polymerization unit is shown in Figure 1. The
solution polymerization reaction was carried out in a
300-mL semibatch bubble column reactor (stainless
steel) with n-heptane as the solvent. The liquid phase
(solvent, catalyst, and cocatalyst) was operated in
batch to guarantee a constant feed composition in the
reaction medium and to produce a homogeneous co-
polymer.

At first, the monomers and hydrogen (the gas
phase) with specified ratios (Table I) were fed contin-
uously at a constant rate to saturate the solvent in the
reactor. The vanadium compound (VOCl3) and the
required amount of cocatalyst (Al2Et3Cl3) were intro-
duced into a glass reservoir containing n-heptane
(10–15 mL) at 25°C under a positive pressure of nitro-
gen (Table I). Then, under a constant pressure (1 � 0.1
atm) and at a constant temperature (22 � 1°C), the
reaction was initiated with a one-shot injection of the
aged catalyst at its highest activity into the reactor,
and gas-phase feeding continued the reaction for 90

Figure 1 Schematic view of the polymerization system.

TABLE I
Operational Conditions Used to Synthesize Ethylene–Propylene Copolymers with

Desirable Properties

Concentration/ratio Value Initial condition Value

VOCl3 (mol/L) 7.2 � 10�5 TSET (°C) 22
Al0/C10 28.680 PSET(abs) (bar) 2
HS (mol/L) 0.048 FE (L/min) 0.016
ES (mol/L) 0.021 FP (L/min) 0.050
PS (mol/L) 0.411 FH (L/min) 0.115
[Propylene]/[Ethylene] 19.048 VL (cc) 250

TSET, temperature set point; PSET, pressure set point.
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min, when the resulting reaction medium contained 2
wt % or less of the soluble copolymer, to prevent
rheological effect on the kinetics. During the reaction,
the reactor was maintained at a constant pressure, and
excess monomers were vented off by a manually con-
trolled back-pressure regulator. At the end of the re-
action, the feed streams were shut off, and isopropyl
alcohol was added to quench the reaction and to pre-
cipitate the soluble polymer. Then, the precipitated
polymer was separated, washed with excess isopropyl
alcohol, and vacuum-dried at 40–70°C for 24 h.

One factor variation at a time is the design of the
many kinetic experiments; we applied this design to
study the effect of the 11 key factors (at least at four
levels) on the resulting copolymer properties with
regard to the catalyst system and operation condi-
tions, as suggested by Natta et al.18 Each experiment
was repeated enough times to ensure the reproduc-
ibility of the results. Finally, the best conditions were
chosen to produce low-molecular-weight and mono-
disperse olefin copolymers as viscosity modifiers in
engine oil, and these were used in the model compu-
tations and model evaluation experiments, as shown
in Table I.

Copolymer characterization

We characterized the polymer films (0.18–0.2 mm)
for ethylene incorporation with IR spectroscopy
(PerkinElmer 2100, Boston, MA) by measuring the

ratio of the intensities of the 1155-cm�1 methyl band
and the 720-cm�1 methylene band according to ASTM
D 3900.

13C-NMR (Bruker ACP 500 MHz, Midland, Canada)
in CDCl3 at 50°C was used to more accurately identify
the ethylene content of the synthesized copoly-
mer.10–14

The molecular weights and their distributions were
determined by gel permeation chromatography (Wa-
ters 150C ALC/GPC) in tetrahydrofuran at 50°C. The
data were analyzed with polystyrene calibration
curves.

The specific heat capacity of the copolymer was
determined with differential scanning calorimetry
(12000 PL-DSC) at a heating rate of 10°C/min.

MODEL DEVELOPMENT

Theoretical kinetic scheme

VOCl3–Al2Et3Cl3 created a soluble Ziegler–Natta cat-
alyst system with a single active site, which was suit-
able for the generation of a monodisperse copolymer
with a homogeneous copolymer composition. The ac-
cepted mechanism for Ziegler–Natta copolymeriza-
tion is given in Table II.6 Most of the reactions pre-
sented bimolecular kinetics, except those concerning
the catalyst activation or deactivation and chain spon-
taneous termination.

The catalyst (C1, whose concentration is C1) had to
undergo activation by the alkyl cocatalyst in a rapid

TABLE II
Catalyzed Olefin Copolymerization Kinetic Model

Reaction type Agent Kinetic constant Reaction

Activation ka C1 ¡
ka

C2

Deactivation Poison kx C2O¡
kx

D

Chain initiation E ki1 C2 � EO¡
ki1

E1,0

P ki2 C2 � PO¡
ki2

P0,1

Chain propagation E k11 Ei,j�EO¡
k11

Ei�1j

k12 Ei,j�PO¡
k12

Pi,j�1

P k21 Pi,j�EO¡
k21

Ei�1,j

k22 Pi,j�PO¡
k22

Pi,j�1

Chain transfera P ktr12 Ei,j�PO¡
ktr12

OCPi,j�P0,1

Al-alkyl ktr1Al Ei,j�AlO¡
ktr1Al

OCPi,j�E1,0

Hydrogen ktr1H Ei,j�HO¡
ktr1H

OCPi,j�C2

Chain terminationa Deactivation kter1 Ei,jO¡
kter1

OCPi,j�D

P kter12 Ei,j�PO¡
kter12

OCPi,j�1�D

E, ethylene; P, propylene; OCP, olefin copolymer.
a Identical reactions occurred with growing Pi,j chains to produce dead OCPi,j. chains

Termination and transfer constants were assumed to be the same, regardless of the chain
end type.4
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and complete reaction or it might have been deacti-
vated by a spontaneous reaction.

In this system, chain growth began with the initia-
tion step due to ethylene and propylene, as assumed
previously by Cozewith.4 Chain growth was followed
by rapid chain propagation, resulting from the com-
bination of both monomers, which theoretically gen-
erated four equations in the propagation step.

The chain-transfer step contained transfer reactions
to propylene, excess alkyl, and hydrogen. In olefin
copolymerizations, ethylene shows the highest reac-
tivity in propagation step. If the ethylene monomer
faces any live polymer chain, it will display propaga-
tion behavior rather than transfer or termination.
Thus, ethylene exhibited a negligible tendency toward
chain-transfer reactions, and the chain transfer to pro-
pylene was more important, which itself had little
effect on the molecular weight. So, chain-transfer re-
actions to the monomers occurred only because of
propylene with little efficiency to govern molecular
weight. The propylene chain-transfer reaction formed
a dead polymer chain (OCPi,j) and a live polymer
unitary chain (Ei,j) or (Pi,j). Hydrogen and excess alkyl
created a dead polymer chain (OCPi,j) and a vacant
site, which are considered in the proposed model, and
hydrogen basically controlled the polymer molecular
weight.4,6

The mechanisms of site deactivation occurred due
to propylene (kter12; see Table II for descriptions of all
of the kinetic constants used in this article) or sponta-
neously (kter1). In both cases, they created permanently
deactivated sites (D’s, whose concentrations are D’s)
followed by the termination of the growing polymer
chain (OCPi,j).

4,6

The standard Ziegler–Natta scheme does not ac-
count for branching reactions. Branching is the result
of the generated internal and terminal double bonds in
polymer chains. Other effective cause of double bond
generation is _-hydride elimination. However, this re-
action is not included in our model because no double
bond effects are detected in synthesized copolymer
with infrared spectroscopy5 or 13C_NMRlO-l4.

Mass balance

We considered the mass balance for both the liquid
and gas phases separately. Indices G and L were as-
signed to gas and liquid phases, respectively. We as-
sumed that only the monomer in the liquid phase was
capable of participating in the polymerization; hence,
the reaction took place only in the liquid phase. Equa-
tions of the population balance described the variation
in the concentration of the active species with time in
the liquid phase during polymerization. These equa-
tions were derived for live and dead polymer chains
in the semibatch bubble column reactor.

Gas-phase mass balance

The mass balance for each component in the gas phase
including ethylene, propylene, and hydrogen was cal-
culated as described by Hagg et al.6 The resulting
equations for the accumulation of gases in the gas
phase are as follows:

dEG

dt �
FE

VG
EF � klaE

VL

VG
�EEQ � ES� �

FG

VG
EGS (1)

dPG

dt �
FP

VG
PF � klaP

VL

VG
�PEQ � PS� �

FG

VG
PGS (2)

dHG

dt �
FH

VG
HF � klaH

VL

VG
�HEQ � HS� �

FG

VG
HGS (3)

where EG, EF, EEQ, EGS, and ES are the ethylene con-
centrations in the gas phase, in the feed, at equilib-
rium, released by the pressure control valve (gas out),
and solved in the liquid phase, respectively; VG and VL

are the volumes of the gas and liquid phases, respec-
tively; FE, FG, FP, and FH are the volumetric flow rates
of ethylene, the gas phase, propylene, and hydrogen,
respectively; kl is the mass-transfer coefficient based
on the liquid phase for ethylene, propylene, or hydro-
gen; aE, aP, and aH are the interfacial specific areas of
ethylene, propylene, and hydrogen, respectively; PG,
PF, PEQ, PS, and PGS are the propylene concentrations
in the gas phase, in the feed, at equilibrium, solved in
the liquid phase, and released by the control valve,
respectively; and HG, HF, HEQ, HS, and HGS are the
hydrogen concentrations in the gas phase, in the feed,
at equilibrium, solved in the liquid phase, and re-
leased by the control valve, respectively. The neces-
sary data were estimated with the standard procedure
for bubble column reactors.27

Liquid-phase mass balance

Catalyst, cocatalyst, monomers, live and dead poly-
meric chains, and the solvent were considered when
we calculated the mass balance in the liquid phase. In
the case of copolymerization, two indices are neces-
sary to define the polymerization degree of each live
or dead chain. At any instance, a live polymer is
shown by �i, j

E , where � signifies live chains, i is the
total number of ethylene units and j is the total num-
ber of propylene units that are incorporated into the
copolymer structure, and the superscript E indicates
that the last unit of the live chain is ethylene. This
terminology satisfies the following assumptions:

1. The reaction medium is saturated by both mono-
mers before reaction initiation. The mass-transfer rates
of both monomers are higher than the polymerization
rates in magnitude (reaction-controlled process).
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2. The active site of each monomer initiates and
propagates at different rates.

3. Cozewith3 pointed out that chain building time is
on the order of 1–3 min; therefore, the quasi-steady-
state approach does not apply in the proposed model:

d�i,j
M

dt � 0 (4)

The active chain (Mn,m) and dead polymer chain
(OCPn,m) moments of the i,jth orders are defined ac-
cording to eq. (5):

Mn,m f�i,j
M � �

n�0

	 �
m�0

	

�nimjMn,m� (5)

OCPn,mf�i,j � �
n�0

	 �
m�0

	

�nimjOCPn,m�

where m is the number of ethylene units, n is the
number of propylene units, and �i,j is the order of
double moments for the dead chains.

Deactivation is composed of vanadium oxide for-
mation and poisoning.28 These reactions [eq. (6)] de-
activated 1% of the total amount of the catalyst. Thus,
this information was incorporated into the model as a
correction for catalyst concentration:

dD
dt � kxC1 (6)

Not only the activation reaction but also deactiva-
tion reaction decreases the concentration of nonacti-
vated catalyst (C1), as given in the following equation:

dC1

dt � � �kx � ka�C1 (7)

Active species (C2, whose concentration is C2) are
formed by activation and hydrogen chain-transfer re-
action, and they are consumed in the initiation step of
both monomers:

dC2

dt � kaC1 � �ki1ES � ki2PS�C2 � ktrlHHS�0,0
E (8)

Transfer reactions reduce the initial alkyl aluminum
concentration. One obtains the transfer reaction rate
with alkyl aluminum by replacing the aluminum con-
centration with the ratio of alkyl aluminum ethyl
bonds to vanadium, which are calculated with the
assumption that the vanadium catalyst is reduced to a
valance of three during catalyst activation and that
one alkyl group reduces one vanadium by one valance

unit.4 Hence, the effect of the alkyl chain-transfer re-
action on the activated monomer (�0,0

E ) is given by

dAl
dt � � ktr12�Al0

C10
� 1�Al0�0,0

E (9)

where Al is the initial akyl aluminum concentration
and Al0 and C10 are the corrected catalyst and cocata-
lyst concentrations, respectively, after the poisoning
effect is incorporated.

The concentration of monomers can be expressed on
the basis of mass transfer from the gas phase to the
liquid phase by convection and monomer consump-
tion in the initiation and propagation steps:

dEs

dt � 0 � kIaE

VL

VG
�EEQ � ES�

� �ki1C2 � k11�0,0
E � k21�0,0

P �ES (10)

dPS

dt � 0 � klaP

VL

VG
�PEQ � PS� � 
ki2C2 � k12�0,0

E � k22�0,0
P

� �ktr12 � kter12��0,0
E �PS (11)

dHS

dt � 0 � klaH

VL

VG
�HEQ � HS� � ktrlH��0,0

P � �0,0
E �HS (12)

The equilibrium monomer concentrations were ob-
tained from a correlation given by Kissin.28 The hy-
drogen equilibrium concentration was computed (at
experimental conditions) by the total monomer pres-
sures as the equilibrium criterion and group contribu-
tion equation of state, the predictive Soave–Redlich–
Kwong equation.29,30 This method is based on the
universal quasichemical functional group activity co-
efficients (UNIFAC) model, which has been verified
by experimental data for many gaseous compounds,
such as light hydrocarbons and hydrogen.29,30 The
calculated solubility values of the monomers and hy-
drogen were close to the experimental data reported
by Stephen and Stephen,31 with a 0.5% relative devi-
ation.

During the reaction, the concentrations of live poly-
meric chains terminated with ethylene and propylene
were given by

d�0,0
E

dt � ki1C2ES � k21ES�0,0
P � 
� � ���0,0

E (13)

d�0,0
P

dt � k12C2PS � �k12 � ktr12�PS�0,0
E � �	 � 
 � ���0,0

P

(14)

where �, �, 	, 
, and � are mathematical variables of
the model and are defined as
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� � ktrAl�Al0

C10
� 1�Al0 � ktr1HHS � kter1

� �k12 � kter12 � ktr12�PS

� � ktrAl�Al0

C10
� 1�Al0 	 � k21ES


 � ktrA1�Al0

C10
� 1�Al0 � ktr1HHS � kter1 � �kter12 � ktr12�PS

� � ktr1Al�Al0

C10
� 1�Al0 � ktr12PS (15)

The concentration of dead polymeric chains in the
reactor was controlled by transfer and termination
reactions, which happened for both kinds of live poly-
meric chains, those with propylene at the end (Pi,j) and
those with ethylene at the end (Ei,j):

d�0,0

dt � 
��0,0
E � �0,0

P � (16)

Population balance was defined for all active spe-
cies in the reactor. Table III shows the different orders
of these equations for the live and dead polymeric
chains.

By computing the amount of these moments at any
instance, we were able to calculate the number-aver-
age molecular weight (Mn) and weight-average mo-
lecular weight (Mw), PDI, and the ethylene content of
the copolymer with the following equations:

�Xn,1 �
�1,0 � �1,0

E � �1,0
P

�0,0 � �0,0
E � �0,0

P (17)

�Xn,2 �
�0,1 � �0,1

E � �0,1
P

�0,0 � �0,0
E � �0,0

P (18)

�Xn � �Xn,1 � �Xn,2 (19)

M� n � ME�Xn,1 � MP�Xn,2 (20)

TABLE III
Moments Balance Equations of the Kinetic Model for Live and Dead Copolymer Chains

Moment balance equations of different orders

Live copolymer chains with an ethylene
unit at the end

d�0,1
E

dt
� ki1C2ES � k21ES�0,1

P � ��0,1
E � ��0,0

E

d�1,0
E

dt
� ki1C2ES � 	�1,0

P � �� � k11ES��0,0
E � ��1,0

E

d�1,1
E

dt
� ki1C2ES � 	��1,1

P � �0,1
P � � k11ES�0,1

E � ��1,1
E � ��0,0

E

d�2,0
E

dt
� ki1C2ES � 	��2,0

P � �0,0
P � 2�1,0

P � � k11ES��0,0
E � 2�1,0

E � � ��2,0
E � ��0,0

E

d�0,2
E

dt
� ki1C2ES � 	�0,2

P � ��0,2
E � ��0,0

E

Live copolymer chains with a propylene
unit at the end

d�0,1
P

dt
� ki2C2PS � k12PS��0,1

E � �0,0
E � � �k22PS � ���0,0

P � ktr12PS�0,0
E � �	

� 
��0,1
P

d�1,0
P

dt
� ki2C2PS � k12PS�1,0

E � �	 � 
��1,0
P � ktr12PS�0,0

E � ��0,0
P

d�1,1
P

dt
� ki2C2PS � k12PS��1,1

E � �1,0
E � � k22PS�1,0

P � �	 � 
��1,1
P � ktr12PS�0,0

E

� ��0,0
P

d�2,0
P

dt
� ki2C2PS � k12PS�2,0

E � �	 � 
��2,0
P � ktr12PS�0,0

E � ��0,0
P

d�0,2
P

dt
� ki2C2PS � k12PS��0,2

E � �0,0
E � 2�0,1

E � � k22PS��0,0
P � 2�0,1

P � � �	 � 
��0,2
P

� ktr12PS�0,0
E � ��0,0

P

Dead copolymer chains d�0,1

dt
� 
��0,1

E � �0,1
P � � �ktr12 � kter12�PS��0,0

E � �0,0
P �

d�1,0

dt
� 
��1,0

E � �1,0
P �

d�1,1

dt
� 
��1,1

E � �1,1
P � � �ktr12 � kter12�PS��1,0

E � �1,0
P �

d�2,0

dt
� 
��2,0

E � �2,0
P �

d�0,2

dt
� 
(�0,2

E � �0,2
P ) � (ktr12 � kter12)PS[�0,0

E � �0,0
P � 2(�0,1

E � �0,1
P )]
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�XW,1 �
ME��2,0 � �2,0

E � �2,0
P � � MP��1,1 � �1,1

E � �1,1
P �

ME��1,0 � �1,0
E � �1,0

P � � MP��0,1 � �0,1
E � �0,1

P �

(21)

�XW,2 �
ME��1,1 � �1,1

E � �1,1
P � � MP��0,2 � �0,2

E � �0,2
P �

ME��1,0 � �1,0
E � �1,0

P � � MP��0,1 � �0,1
E � �0,1

P �

(22)

�XW � �XW,1 � �XW,2 (23)

Mw � ME�XW,1 � MP�XW,2 (24)

�F1 �
�Xn,1

�Xn
(25)

�F2 �
�Xn,2

�Xn
(26)

where �Xw,1, �Xw,2 and �Xw are weight-average and
�Xn,1, �Xn,2 and �Xn are number average degrees of
polymerization of ethylene, propylene and copolymer,
respectively. MH and MP are molecular weights of
ethylene and propylene, respectively. �F1 and �F1
denote the ethylene and propylene contents, respec-
tively, in the copolymer.

PDI and polymer yield or concentration in the reac-
tion medium (YP) were obtained from the following
equations:

PDI �
Mw

Mn
�

�Xw

�Xn
(27)

YP � �0,0Mn (28)

The total rate of copolymerization (RP) was defined
as follows:

RP � � �
dM1

dt � � � �
dM2

dt � (29)

RP � �ki1C2 � k11�0,0
E � k21�0,0

P �ES � 
ki2C2

� �k12 � kter12��0,0
E � k22�0,0

P �PS � kter1�0,0
E (30)

Energy balance

Energy balance was measured as described by Hagg
et al.6

RESULTS AND DISCUSSION

Kinetic rate constants

The objective function for error minimization [f(error)]
was defined as the difference between the ethylene

content experimentally determined by 13C-NMR
(EtEXPi) and the corresponding computed value
(EtCALi):

f�error� � �
i�1

n�18

�EtEXPi � EtCALi�
2 (31)

13C-NMR10–14 and IR5 results determined the mono-
mer reactivity ratios (r1 and r2). By means of these
data, the four kinetic rate constants of propagation
step reduced to two rate constants. Then, we esti-
mated the nine kinetic rate constants for the initiation,
propagation, transfer, and termination steps by fitting
the 18 experimental data of ethylene content in the
copolymer (see Fig. 2) and simultaneously solving the
equations by the finite difference method with the
Marquat optimization procedure as nonlinear equa-
tions.32

The dynamic model is able to reproduce experimen-
tal data for reaction rate, weight-average molecular
weight within experimental accuracy with estimated
kinetic rate constants. This consequence demonstrates
the model validity.

Table IV shows the kinetic rate constants deduced
from the proposed model in comparison with the
literature. The activation constant was not considered
because activated and aged catalysts were used. As
indicated by other authors,1,3 k11 calculated by present
model proved that the ethylene–ethylene addition
constant was the highest rate constant in the propaga-
tion step, and it necessitated control of the reactor
feeding to obtain the desired ethylene content in the
copolymer.

Compared with ktr1Al and ktr12, the higher value of
ktr1H indicated that transfer to hydrogen controlled
chain growth. The effect of hydrogen very often tran-
scends that of a mere chain-transfer agent because it
can affect the polymerization rate and polymer micro-

Figure 2 Comparison of the model calculations with the
experimental results for the variation of copolymer ethylene
content with reaction time under the experimental condi-
tions given in Table I.
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structure significantly.23,24 Because all of these chain-
transfer agents (hydrogen, propylene, and alkyl alu-
minum) were present in the experimental system, the
obtained data were able to predict the effect of chain
transfer by hydrogen (ktr1H), propylene (ktr12), and
alkyl (ktr1Al).

According to the models proposed in the literature,
the chain termination step can occur only by sponta-
neous catalyst deactivation or with propylene mono-
mer. These reactions also occur with live chains. Iden-
tical reactions occur with growing Pi,j chains to pro-
duce dead chains. Termination and transfer constants
are assumed to be the same regardless of the chain end
type.4,6

Another parameter that affects the kinetic rate con-
stants is the temperature of polymerization. The data
in this study (22°C) was different from those reported
by Podolnyi et al.1 and Cozewith4 because, in their
investigations, polymerization was carried out at 20
and 30°C, receptively. By comparing the different re-
sults of these studies, we observed a coherence for
each kinetic constant, except for ki1, ki2, k12, and k22.
These differences may have been due to hydrogen
effects as a chain-transfer agent and because the initi-
ation step started with both monomers at different
rates.

Copolymer composition

As shown in Figure 2, the ethylene content of the
copolymer was constant during the polymerization
time. This composition homogeneity was an outcome
of the constant concentration of the monomers due to
the initial saturation of solvent with monomers and
the high mass-transfer rates of the monomers, which
satisfied the steady monomer concentration during
the reaction. These observations were also supported
by other works reported in the literature.

Reaction rate

Figure 3 shows that the predictions of this model
agreed well with the experimental reaction rate data
for a long reaction time. This accuracy resulted by the
application of a double moments equation for the two
reactants.

Molecular weight

As shown in Figure 4, the molecular weight growth
of the copolymer calculated by this model was in
good agreement with the experimental data. The
initial period in olefin polymerization is often char-
acterized by a gradual increase in the polymer mo-
lecular weight up to some constant value. This be-
havior is typical of olefin polymerization carried out
at moderate temperatures (�50°C) and low mono-
mer concentrations in the presence of highly active
catalytic systems.28 The initial increase of molecular
weight is approximately regarded as quasiliving
chain growth. When reaction rate of chain initiation
and chain termination reach equilibrium, molecular

TABLE IV
Comparison of the Kinetic Rate Constants from the Literature with Those of This Model

Reaction step
Constant

(mol L�1 min�1)
Cozewith3

(30°C)
Present model

(22°C)
Podolnyi et al.

(1963; 20°C)

Activation ka 166 — 	
Chain initiation Ethylene ki1 8.33 13.456 2.0

Propylene ki2 8.33 2.021 —
Chain propagation Ethylene k11 23,000 102,175 � 3325 130,000

k12 11,000 4,400 13,000
Propylene k21 14,200 12,305 � 455 11,000

k22 1,330 184 � 66 316
Chain transfer Propylene ktr12 0.133 21.2 —

Al-alkyl ktr1A1 — 0.012 —
Hydrogen ktr1H 1,200 3457 —

Chain termination Catalyst deactivation kter1 0.035 14.2 19
Propylene kter12 1.466 0.45 0

Figure 3 Comparison of the model predictions with the
experimental results for the variation of RP with reaction
time under the experimental conditions given in Table I.
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weight is independent of the time under stationary
conditions. If the process is carried out at relatively
low temperatures, molecular weight growth can be
observed even for a few hours. At high polymeriza-
tion temperatures (70 – 80°C) and high monomer
concentrations, the stage of molecular weight time
independence appears in a shorter period of time. A
detailed description of these phenomena was de-
scribed by Kissin.28

The use of hydrogen as a molecular weight control-
ling agent is shown in Figure 5. Molecular weight
approached a plateau limit for the hydrogen chain-
transfer ability. This behavior was attributed to a
lower magnitude for the rate constant of chain transfer
by hydrogen than the average of propagation rate
constants.

Also, alkyl chain-transfer effects were taken into
consideration in the polymerization kinetics when the
Al/V ratio was varied from 2 to 64. For Al/V ratios
lower than 2, no significant yield was obtained. At
least two alkyl aluminum molecules and one vana-
dium salt were required to form the active species.6,33

The alkyl chain-transfer effect on molecular weight
was intensified by excess alkyl when an Al/V ratio
(�28) higher than the optimum value (�8) was used,
as indicated by the experimental data and model pre-
dictions.

CONCLUSIONS

A dynamic model based on double moments was
developed to describe the effects of hydrogen and an
Al/V ratio up to 28 on the reaction rate, molecular
weight, and composition of the copolymer in ethyl-
ene–propylene copolymerization with a vanadium-
based Ziegler–Natta catalyst. The dynamic model was
able to reproduce the experimental data within exper-
imental accuracy for a long reaction time. This model
accurately demonstrated the fundamental importance

of polymerization variables on the final properties of
the polymer material in the copolymerization of eth-
ylene and propylene with Al/V ratios up to 28 before
synthesis. The success of the model was an outcome of
the application of a double moments equation for the
two reactants.

NOMENCLATURE

Al, Al0 Initial and corrected alkyl aluminum con-
centrations (mol/L)

aE, aP, aH Ethylene, propylene, and hydrogen inter-
facial specific areas (m2/m3)

C10, C1, C2 Vanadium and active species concentra-
tions (mol/L)

D Deactivated catalyst species concentration
(mol/L)

PDI Polydispersity index
EEQ, EF, EG, EGS, ES Ethylene concentrations at equi-

librium, in the feed, in the gas phase, at gas out,
and solved in the liquid phase (mol/L)

�F1, �F2 Ethylene and propylene contents in the
copolymer

FE, FP, FH, FG, FR Volumetric flow rates of ethylene,
propylene, hydrogen, the gas phase, and the
cooling liquid (L/min)

HEQ, HF, HG, HGS, HS Hydrogen concentrations at
equilibrium, in the feed, in the gas phase, at gas
out, and solved in the liquid phase (mol/L)

kl Mass-transfer coefficient based on the liquid
phase for ethylene, propylene, or hydrogen
(min�1)

Mn, Mw Number- and weight-average molecular
weights (g/mol)

PSET, set point and reactor pressures (bar)
PEQ, PF, PG, PGS, PS Propylene concentrations at

equilibrium, in the feed, in the gas phase, at gas
out, and solved in the liquid phase (mol/L)

Figure 4 Comparison of the model predictions with the
experimental results for the variation of copolymer molecu-
lar weight with reaction time under the experimental con-
ditions given in Table I.

Figure 5 Comparison of the model predictions with the
experimental results for the variation of hydrogen effect on
copolymer molecular weight (Al/V � 8.314, VOCl3 � 7.2
� 10�5 mol/L, time � 5400 s, [ethylene] � 0.04838 mol/L,
[propylene]/[ethylene] � 10.988, temperature � 22°C).
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Rp Rate of the copolymerization reaction
VG, VL Gas phase and liquid phase volume (L)
YP Polymer yield or concentration in the reaction

medium (g/L)

Greek characters

�, �, 	, 
, � Mathematical variables of the model
�0,0

E , �0,1
E , �1,0

E , �1,1
E , �2,0

E , �0,2
E Activated ethylene units

with different orders of double moments for live
chains terminated with ethylene (mol/L)

�0,0
P , �0,1

P , �1,0
P , �1,1

P , �2,0
P , �0,2

P Activated propylene
units with different orders of double moments
for live chains terminated with propylene
(mol/L)

�0,0, �0,1, �1,0, �1,1, �2,0, �0,2 Different orders of
double moments for all of the dead chains
(mol/L)
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